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Abstract. In this paper we introduced and studied new class Fg(p,q,}/,,B) of Q-valent

functions with negative coefficients. We obtained coefficients inequalities, distortion theorems,
extreme points and radii of close to convexity, starlikeness and convexity for functions in this
class. Also functions in this modified Hadamard products of several functions belonging to the

class F, (p,q v ﬂ) are obtained. Finally, several distortion inequalities involving
fractional calculus are investigated.
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1. Introduction
Let T,(0) denotes the class of functions of the form:
f(z) = 2" _iap+kzp+k (e“gamk >0; 6] < %; peN ={1,2,...}j, (1)
k=1

which are analytic and 2 “valent in the unitdisc U ={z : z eC and |z |<1}. For
f(2) T, (0) , we have

£ (2) = 5(p,m)z"" — Sk + p.ma, 27" (e N, =NU{OY, ()

k=1
where
m! -1)..(p—-q+1 m = 0),
S(p.m) = _Jp(p-D..(p~q+])  (M=0)
(p-m! (1 (m=0).
Let F,(p.,q,7, ) denote the class of functions f(z) eT,(6) which satisfy
- f ) @) p
Reqe'’| (1- : 3
[( 7)5(p’q)zp,q+7§(IO’CH1)Z,,,q,l > ©)
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B
P-q
We note that for suitable choices of y,0, p and g, we obtain the following
subclasses:

(1) Fg(p,0,7.ﬁ)=Fp,g(%ﬂ)[OSﬂ< p.lel<7. 720, lel<Z.p eNj
(see EL-Ashwah et al. [4]);
@ F(p.0.7.8)=F,(r.5) (O£ﬁ<1, 6| <%, y>0,pe Nj (see Lee et al.

[5] and Aouf and Darwish [2]);
B) RALOy,A)=F({.pO=<p<L y=20,peN) (see Bhoosnurmath and
Swamy [3]);

@) F,(L0,18)=A(6,p) (o < <cos, 6] < %) (see Sekine [8]).

where 0< <Cosd, |¢9|<%,;/20, peN,geN,p>gandz eU.

Also, we note that;

_ (a)
(1)Fg(p.q,o,/f)=Fg(p,q,ﬂ)=feTp(e):Re{e'e f (Z)p_q} b
5(p.q)z p—q

[03 B <c0sé, |0|<%, peN,geN, p>q,z eUJ};
pP-q

) (q+1)
(2)F, (.01 8) =G, (p.0. ) =1 T, (0): Re[e'g f (Z)pql} b
5(p.q+1)z p—q

(Os pﬂq <C0s6, |9|<%, peN,geN,, p>q,z euj}.

2.  Cofficient estimates

Unless otherwise mentioned, we assume throughout this paper that
s
P—d
Theorem 1. Let the function f(z) be given by @ . Then
f(2)eF,(p.g.7.8)

if and only if

e’a,, >0, 0<

< Cosé, |49|<%, ¥>0,qeN,, peNandp>q.
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ieig(p—Q+7k)5(p+kaQ)ap+k < (Cose—ﬁ]ﬂp,cﬁ‘l)- (4)

Proof. Suppose that (4) holds. It is sufficient to show that the value for

£@(2) " (2)
1-— )
e (( y)5(p,q)zp‘q +75(p,q+1) =

i0

lies in a circle centered at a point e whose radius is

(cos@ —L) o(p,q+1). Indeed, we have
P—q

. £ (z) " (2) .
0 l— _ 17

° {( }/)5(p,q)z"’q +7/5(p,q+1)zp*q*1 °

mz(p q+yk)s(p+k, q+1)ap+kzk
i (P+k=a)d(p.q+1)

(p q+7k)§(p+k q) p+k

k

[cos@——jﬂp q+1).

Conversely, assume that

£9(2) " (2) B
RE{e ((1—7)5(|o’q)zp,q +75(p,q+l)zp,q,l) > g’

which is equivalent to
Re{z oo (P=0+7K)5(p+k.g+1)
@ (p+k-0)é(p.a+1)
Choose values of Z on the real axis so that
S (P-a+r0Sp kD
p+k !
o (p+k-0)o(p.q+1)
isreal. Letting z —1 along the real axis, we have

g

ap+kzk}<c050——

P-4

Y e’ (p-aq+rk)s(p+k,qa,,, < (cosg_ﬁjg(p'q +),
k=1 —

and hence the proof of Theorem 1 is completed.
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Corollary 1. Let the function f(z) defined by (1) be in the class
F,(p.a.7.8).

Then

<((p_Q)0059_ﬂ)5(p,Q) (k 21)

< )
(p—q+ky)o(p+k,q)

The result is sharp for the function
f(z):Zp_((p_q)cose_ﬁ)5(p1q)e—iezp+k. (6)
(p—a+ky)s(p+k,a)

a

p+k

3. Distortion theorems

Theorem 2. Let the function f(z) defined by (1) be in the class

F,(p.a.7.5).

thenfor p>m, zeU, wehave

‘f (m)(Z )‘Z(d(p m)_((p_q)cose_ﬂ)(p_q +l)5(p+1,m) r.jrp—m (7)
(p+7-0a)(p+1)

and
™) s(&(p,m)+ ((p—q)cos&—B)(p —q +1)5(p +1,m) rerm. ®
(p+y-a)(p+1)

The result is sharp for the function f(z) given by
f(z)=2°- ((p —q)cos@—ﬂ)c?(p,Q)e_mZ P (7 :J_r|z |eia)_ ©)
(p—a+ky)5(p+k.q)

Proof. It is easy to see from Theorem 1 that

(p+7-a)s(p+La)Da,, <>e’(p-a+rk)s(p+k,q)a,,
k=1 k=1

< (cose—ij&p,q +1),
P—q

- ((p—q)cosd - B)o(p,q)
. < . 10
éa‘“ (p+7-09)5(p+10) 10)
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Making use of (10) and for |z|=r <1, we have

p+k

\ﬂm@ﬂzameme—§m+Lmﬂzﬁ*m§a

=1

p-m ((p—q)cosd—L)5(p.4) | ps+a-m
2 0tp.mfz | ~o(p+1m) (p+y-a)8(p+10) d
Z%ﬂpmn_«p—muxﬁ—ﬂXp—q+D&p+Lm)qrmm an
(p+y—-a)(p+I)

and

‘f ™ (z )‘sd(p,m)|z " s(prLm)fz [ kia

k
- P

- ((p—q)cosf—-B)5(p,q) |, psi-m
<s(p,m)z|" " +5(p+1,m) (b7 -0)5(p +10) z|
S((S(p,mﬂ«p—q)cose—ﬂ)(p—q+1)5(p+1,m)rjrpm, 12)

(p+y-a)(p+1)

which proves the assertion (7) and (8).

Putting m=0 in Theorem 2, we have the following corollary.
Corollary 2. Let the function f(z) defined by (1) be in the class

F,(p.a. 7, B). Thenfor |z]=r<1 we have

1)z |1 (P=0s0-B)p-a+D) |, 13
i (p+7-a)(p+1)

and
f(9) < |1+ (R=DC0SO=)p=a+D) |, 14)
B (p+7-a)(p+D |

The result is sharp.
Putting m=1 in Theorem 2, we have the following corollary.
Corollary 3. Let the function f(z) defined by (1) be in the class
F,(p.q,7,8). Thenfor |z|=r<1, we have
e )|2{p_((p—Q)0089—ﬂ)(p -q+1) r}rp_l_ 15)
(p+7-0a)
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and

{p_((p—q)cosé’—ﬂ)(p—q +1)r}rp_ll 16)
(p+7-q)

The result is sharp.
4.  Closure theorems
Let the functions f,(z) (j =12,...,m), defined by
- + i . T
fj(z):zp_kZ:amkysz k[ﬂe f’ap%j >0, |0|<Ej @7
=1

Theorem 3. Let the functions  f,(z) (j =12,...,m) defined by (17) be in the
class F,(p,q,7, /). Then the function h(z) defined by

h(z)zzp_sz+kzp+k’ (18)
k=1
also belongs to the class F, ( p.q,7, ﬂ), where
1 m
=—>a . ;. 19
m ; p+k,j ( )

Proof. Since f;(2) (j=1,2,...,m) areintheclass F,(p,q,7,/), itfollows
from Theorem 1, that

Ze'g —q+7k)s(p+k,a)a,,, ; _[cose—ﬁ]ﬂp q+1),

forevery j=12,...,m. Hence, we have

e'’(p—q+yk)s(p+k,a)b,,,

s

k

Ms.i

i 13
e'’(p—q +yk)5(p+k,q)[—2ap+k,,-}
1 m 4
2
j=1

4 B
< 0———|6(p,q+1
Z(cos p—qj (p,q+1)

j=1

=~
Il

18

— (Zeg -q+7k)8(p +k, q)aw,j
m k=L

1
m

[cos&——}?(p q+1).
P—q
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By Theorem 1, it follows that h(z) € F, (p,q,7,8). This completes the proof

of Theorem 3.
Theorem 4. Let the functions  f,(z) (j=12,....,m) defined by (17) be in the

class Fg(p,q,y,ﬁj). Then the function h(z) defined by

h(z) = z° - i{%zm:amk’jjzp*k, (20)

k=1

isintheclass F,(p.g,7,8), where
B=min{}.

1<j<m
Proof. Since f;(z) (j=1,2,....,m) are in the class F(,(p,q,y,ﬂj), it follows
from Theorem 1, that

2 e’ (p-a+rk)s(p+k.a)a,, ; < [cose—%’]&(p,q +1),
k=1

forevery j=1,2,....,m. Hence we have

“(p—q+yk)s(p+Kk, q)( Zamk,]

Ze‘g(p—q+yk)5(p+k,q)ap+k,,-j
k=1

IN

M 1M 1M

cose—i)5(p,q+l)

cose—ijé(p,qﬂ)
pP—q

IN

2 ¢
k=1
1
m*
1
m*
1
m

I
N

i

(cos@——j&p q+1).

By Theorem 1, it follows that h(z) e F, (p,q,7,8) This completes the proof of

Theorem 4.
Theorem 5. Let the functions  f,(z) (j =1,2,...,m) defined by (17) be in the

class F,(p,qg,7, ). Then the function h(z) defined by

h(z) = icj f,(2), (21)
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isalso inthe class F, (p,q,7, ), where
lecj =1,¢,; 0. (22)
j=

Proof. Assume that

h(z):icjfj(z)

:Zp_Z( Cjamk,j}mk- (23)

k=1\_j=1
Then it follows that

S>e’(p—q+yk)s(p+ kﬂl){zciamk’ij
k=1 =

k=1

:icj (ieig (p_q+7/k)5(p+k1q)ap+k1j

< [cose—ﬁjé(p,q +1)§:cj

< (cos@—%}é(p,q +1).
By Theorem 1, it follows that h(z) € F, (p,q,7,8). This completes the proof
of Theorem 5.

Theorem 6. Let f (z)=2z" and

(p—q+yk)o(p+k,q)
Then f(z) isintheclass F,(p,q,7,B3) ifandonly if can be expressed in the
form

f p+k

F @)=y @), (25)

where s, >0 and > u =1
k=0

Proof. Assume that
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(2) =3t Ty (2

5 (p=0)050- PR, o
o (P—g+ky)o(p+Kk,q)
Then it follows that
iem((p—q+k7)5(p+k,q)J(((p—q)cose—ﬂw(p,q)je_m
5(p,q+1) (p—q+ky)3(p+k,q) P

(26)

k=1

B J
=|cosf ——— .
[ p—q éﬂ“

:(COSQ—LJ(l—lup)
P-q

gcosﬁ—i,
p—q

which implies that f(z) e F, (p,q,7, B).
Conversely, assume that the function f(z) defined by (1) be in the class

F,(p.0. 7, B). Then
- (p—a)cos6-B)5(p.q)

P (p-g+kp)S(p+k,q)
Setting
o (p=ak)S(prka)
P ((p-g)cos@-p)S(p,a) "
where

Hp :1_giflp+k’

we can see that f(z) can be expressed in the form (25) . This completes the
proof of Theorem 6.

Corollary 4. The extreme points of the class F, ( p.q,7, ﬁ) are the functions
f (z)=2" and

fp+k (Z):Z p_ ((p _q)Cosg_ﬂ)5(p!q)e—iez p+k (k 21) (27)
(p-q+ky)o(p+k,q)
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5. Radii of close-to-convexity, starlikeness and convexity

Theorem 7. Let the function f(z) defined by (1) be in the class
F,(p.a,7.B). Then f(z) is /P -valent close-to-convex of order
n(0<np<p-q)in|z|<r, where

{ (P=a+k/)8(p +k.Q)(P ~1) } %)
((p—a)cos&—p)5(p,a)k +p)

The result is sharp, the extremal function given by (6) .
Proof. We must show that

r, =inf
L k=

f (Z)—p <p-nfor|z|<r, (29)

where /1 isgivenby (5.1) . Indeed we find from (1) that

f'(2) o )
e P sé(p+k)ap+k|z| .
Thus
f'(z
Zp(_l) -p|<p-7,
if

ka\ P—7
But by using Theorem 1, (30) will be true if
(k+pj|z|kg( (P—q+k»)5(p+k.q) J
pP-7 ((p—a)cosd - £)5(p,q)

i(k b pjamk 2 <1. (30)

Then

Izls{ (p—q+k7)8(p +K,a)(P —7) } a
((p—a)cosd-p)s(p.a)(k +p)
The result follows easily from (31) .

Theorem 8. Let the function f(z) defined by (1) be in the class
F,(p.a.7.5). Then f(z) is P -valent starlike of order
n(0<n<p-q)in|z|<r,, where

25



PROCEEDINGS OF IAM, V.6, N.1, 2017

rzzinf{ (p—a+k)5(p +k )P 1) } @)
1 [ ((p—a)cosf-B)5(p.a)k +p—1)

The result is sharp, the extremal function given by (6) .
Proof. We must show that

2f'(z)
f(z)

where /2 isgiven by (32) . Indeed we find from the definition of (1) that

- k
2#'(2) ‘< Z ka7

p

<p-nforz|<r,, (33)

f(Z) 1_éap+k|z|k
Thus
2t'(z) <p_
f(2) p‘_ p-1,
if
i(w a, 2| <1. (34)
kKAl P—77

But by using Theorem 1, (34) will be true if

[kﬂo—f? |Z|k<[ (P=q+k»)5(p+k.q) ]
p-7 ~((p—a)cosd—p)5(p.q)

Then

((p—a)cosd-)5(p.a)(k +p—1)
The result follows easily from (35) .

|Z|<{ (-0 +k»)5(p +k,)(p 1) } @)

Corollary 3. Let the function f(z) defined by (1) be in the class - Then

f(z) isin £ -valentconvex of order  (0<m<p-—q) in |z|<r, where
. :m{ p(p—a+ky)(p-n)5(p+k,q) } )

(p+k)(k +p—n)((p-q)cosd—p)5(p.q)
The result is sharp, with the extremal function given by (6).
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6. Modified Hadamard products

For the functions  f;(z) (j=1,2) defined by (17) and belonging to the
class T, () , the modified Hadamard product of f,(z) and f,(z) is defined
by

(fl *f 2)(2 ) =z P _Zap+k ,lap+k ,2Z P - (37)
k=1
Theorem 9. Let the functions f;(z) (j=1,2) defined by (17) be in the class
F,(P.0.7.5). Then (f *f,)(z) e F,(p.q,7, @), where
_ _ 2
(p—0)cos O~ B)*5(p.q) (38)

(P—q+kp)s(p+k.a)
The result is sharp for the functions  f;(z) given by

(P—a+»)(p+1)

Proof. Employing the technique used ealier by Schild and Silverman [6]. We need
only to find the largest € such that

e (P—q+ky)5(p+k.q) 8, B <1 (40)

a \((p—a)cos20-a)s5(p,q) S
Since f,(z)(j=12) are in the class F,(p,q,7,/), it follows from
Theorem 1, that

Zem[ (h-a+kpo(prk.a) ), g 1)
((p—q)cos&—B)5(p.a)
forevery j=1,2. By the Cauchy Schwarz inequality we have

—io[ (P—q+ky)o(p+k,q)

e' S o, <10 (42)
kZ; [((p ~q)cosd-B)5(p,q) )N TP

Therefore, (40) will be satisfied if

iem[ (P-q+ky)5(p+k,a)
((p—g)cos20—-a)s(p,q)

a=(p—q)cos20—

k=1

Jap+k,lap+k,2 <
k=1

— o[ (P—q+Ky)o(p+Kk,q)
2° («p—q)cose—ﬁ)cxp,q)]*’ap*k'la‘”“'

Then
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[ (P—9)cos20-a | iy
a a < e . 43
p+k , 17 p+k,2 (p—Q)COSQ—ﬂ ( )

Since (42) implies

N «p—qﬂmsﬁ—ﬁﬁﬂpane4¢ (a4)
s (p—q+ky)o(p+k,q)
then form (43) and (44) we have
as(p_q)coszg_((p—q)cose—ﬂ)zci(p,q) (45)

(p-aq+ky)s(p+k.q)
Now defining the function G(k) by

_ _ 2
(p—q+ky)o(p+k,q)
we see that G(k) is an increasing function of k(k € N) . Therefore, we
conclude that
f— — 2 —
2 <G (1) = (p —q)cos 20— (P=4)c0S0=p) (p-a+1)
(P-a+7)(p+1)
which evidently completes the proof of Theorem 9 .

Using arguments similiar to those in the proof of Theorem 9 | we obtain the
following theorem.

Theorem 10. Let the function f (z) defined by (17) be in the class
F,(p.g,7,B) and the function f,(z) defined by (17) be in the class
F,(P.a,7.¢). Then (f,*f,)(z) e F,y (P.0,7.¢) , where

¢ = (p—q)cos20— (P=2)c0s0=F)(p=q)cosO=p))(p=a+1) g,

(P—a-+7)(p+D)

The result is sharp for the functions  f,(z) (j=1,2) given by

fl(z ) =7 p _(((p —Q)Cose—ﬂ)(p _q +:I-)]eigz p+1’ (50)

(P-a+7)(p+1)

, (47)

and
fZ(Z)ZZ p _[((p —q)C059—§0)(p _q +1)Je—i02 p+l. (51)
(P-q+7)(p+1)
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Theorem 11. Let the functions f,(z) (j=1,2) defined by (17) be in the class

F ( p.q,y, ,3). Then the function

S K
h(z)=z" _Z(as+k,l+a§+k,2)z P
k=1

belongs to the class F,, (p,d,7,7), where

2((p —q)cos6—B)°5(p.q)

0, B,7.0)=(p - 20—
n(p:q,B,7:6)=(p—q)cos (p—q +k»)3(p +k,q)

The result is sharp for the functions  f;(z) is given by (39).
Proof . By using Theorem 1, we have

i{eie( (p-q+ky)o(p+k,q) ﬂ 2
= ((p-q)cos&—p)5(p,q) prk 1 S

[e( (p~q +k7)o(p +k ,q) } _
((p—q)cos0—A)o(p,q) ) P+
{e.g( ~q-+k)3(p +k ) H

~® (p-q)eoso-papay )| 2=
{ ew( ~q-+k)3(p +k, q)) } _
S (((p-9)coso-p)s(p.a)) "

It follow from (54) and (55) that

il{eia( (p—g+ky)o(p+k,q) ﬂz (ap+k1+ap+k ,) <1
12 ((p—-qg)cos&—-L)5(p.a)

Therefore, we need to find the largest 77 =7(p;q, 3,7;6) such that
S0 (P-arkO(p k.a) (.

@ ((p-g)cos20-n)5(p.q)
From (56) and (57) , we have

k=1

p+k 1+ap+k 2) 1.

(52)

(53)

(54)

(55)

(56)

(57)
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i}me(p—q+kﬂ5@+kﬂ)(¥
= ((p-a)cos20-n)5(p.q) °

<[ o (p-a+kns+k ) \| e .
;2|:e (((p—q)cose—ﬂ)g(p,q)ﬂ @1+ 2), (58)

that is

2
+k,1 +ap+k,2) <

2((p —q)cos0-B)°5(p.q) (59)

n<(p—q)cos20-
(p-a+ky)o(p+k,q)

Since
2
D(k)=(p—q)COSZ6’—2((p _q)COSH_ﬂ) 5(p,Q)' (60)
(p-q+ky)é(p+k,.q)
is an increasing function of k (k € N) , we obtain

2
<D = (p—q)cos20- 2PN (P-a+D) o
(p-a+7)(p+1)
and hence the proof of Theorem 11 is completed.
Remark.6.1.
(1) Putting =0, p=1 and q=0 in our results, we obtain the results

obtained by Bhoosnurmath and Swamy [3];
(2) Putting y=p=1 and =0 in our results, we obtain the results obtained
by Sekine [8].

7.  Definitions and applications of fractional calculus

Many essentially equivalent definitions of fractional calculus (that is,
fractional derivatives and fractional integrals) have been given in the literature (cf.,
e.g. [1], [10] and [11]. We find it to be convenient to recall here the following
definitions which were used recently by Owa [5] and by Srivastava and Owa [8]).
Definition 1. The fractional integral of order 4 is defined, for a function

f(2), by

wern 1o £
DZ”D_Hmha—W”mW>®’ (61)

where f(z) is an analytic function in a simply-connected region of the complex

z — plane containing the origin and the multiplicity of (z—t)*™ is removed by
requiring log(z —t) to be real when z—t>0 .
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Definition 2. The fractional derivative of order 4 is defined, for a function
f(2), by
D;‘f(z):;ir&dt (0< 1<), (62)
Q- ) dz7o(z-t)"
where f(z) isan analytic function in a simply-connected region of the complex

z — plane containing the origin and the multiplicity of (z—t)™ is removed by
requiring log(z —t) to be real when z—t>0 .

Definition 3. Under the hypotheses of definition 2, the fractional derivative of
order n+ w is defined by

n

d
D" f(z) =
1@ dz"
Theorem 12. Let the function  f(z) defined by (1) be in the class

F, (p.g,7,B) . Then we have

Df(z) O<u<L neN,. (63)

DZ—# f (q)(z)‘ > F(p —q +1) |Z|p7q+u %
F(p-q+u+l)

(64)
X{(S(p’q)_(p—q+1)((p—q)cosé'—/3)5(p,q)|Z|}’
(P—q+y)(p+u+l)
and
D‘”f(q)(z)‘g I'(p-q+J) |Z|pfq+/t><
i T(p-q+p+1) )
X{a(p,qh(p—q+1)((p—q)cosﬁ—ﬂ)5(p,q)M})
(P—a+7)(p+u+l)
for >0 and zeU. The resultis sharp.
Proof. Let
)= HEZIEED 4 ip 10 ) 5(p, g -
I'(p-q+1)
- L(p—g+k+DI'(p—q+p+1) gk
- o(p+k,q)a,,, z""".
éf(p—q+1)F(p—q+k+u+1) o
Then
F(2) =5(p,q)z" " = Y W (K)S(p +k,q)a,, 2", (66)
k=1
where
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I'p—q+k+)I'(p—-q+pu+1
I'(p—q+)I'(p—-g+k+u+1)
Since W(k) isan decreasing function of k (k € N), then

0<w(k)<w)=—P=9*D (67)
(P-gq+u+))
Also, according to Theorem 1, we have

o0

(p-a+7)P+) _§ Si( (P=q+kp)o(p+k,q) ]a <1
(p-a)cosd-A)(p-a+D 3T ™ S (p-a)cosd-p)s(p.q+1) ) ™

Then
- ((p—qg)cosd—B)(p—-q+1)
a . < . 68
L S e p D) )
From (7.6) and (7.7), we have
IF@)|25(p.a)|z" " —¥@|z" " 5(p.a+D) D a,,. (69)
k=1

In view of (66) and (67), we have

Fol-[p st deor i
> s(pop|z”® — (P=AFDUP—0) oSO = B)(p.a) o0
(P—q+)(p-q+u+l)

and

F@| =[R2t D up g0 )
(p-g+1)

<5(p.q)z"* +

(p—Q+D«p—®C%9—ﬂﬁﬂpﬂ”4mm3

(P—q+y)(pP—a+u+l)
which proves the inequalities of Theorem 12. Further equalities are attained for the
function

D—,uf(z): r(p_q+1) |Z|p7q+#><
i L(p—q+u+)
X(ﬂpq%jp—q+b«p—®cmﬁ—ﬂﬁﬂnq”4
’ (P—a+7)(p+u+d) ’

(70)

or
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() 20 - (P=)cOS0-B)3(p.0)

2P (z = £(z]e"). (71)
(p—g+ky)o(p+k,a) ( 21e)

Using arguments similiar to those in the proof of Theorem 12, we obtain the
following theorem.
Theorem 13. Let the function  f(z) defined by (1) be in the class

F, (p.g,7,B) . Then we have

Dzyf(z)‘z r(p_q+1) |Z|P*Q+ﬂx
I(p-q-pu+1

72
X{a(p q)_(p—q+1)((p—q)cose—ﬂ)5(p,q)M} 7o
’ (P—q+y)(p—u+1) ’
and
‘fo(Z)‘ < 1—‘(p_q_+_:|-) |Z|P—Q+# %
F(p-q-u+1)
(73)

—g+1)((p—qg)cosd— p)o(p,
X{5(p,q)+(|o q-+1)((p—a)cosd - A)5(p q)|z|}’
(P—q+»)(p-pu+1)
for 0<u<1 and zeU. The result is sharp for the function f(z) given by
(71).

Remarks.

(1) Putting q =0 in our results, we obtain the results obtained by EI-Ashwah et
al. [4];

(2) Putting @=qg=0 in our results, we obtain the results obtained by Aouf and
Darwish [2] and Lee et al. [5].
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Yiiksak tartib toramali va manfi amsalli p-valent funksiyalarin
imumilasmis sinfi

M.K. Aouf, A.O. Mustafa W.K. Elyameni

XULASO

Isdo monfi omsalli p-valent funksiyalarin yeni Fg(p,q,y, ﬂ) sinfi nozerden

kegirilir. Burada amsallardan diizoldilmis barabarsizliklor, distorsiya teoremlori, ekstremal
ndqtaler va qabariqliliga yaxin radiuslar, bu sinifden olan funksiyalar ii¢iin qabariqliliq

sortlori almmgsdir. Homginin Fg(p,q,y, ﬂ) sinfindon olan bir neg¢o funksiyalarin

modifikasiya edilmis Hadamar hasillori alinmisdir. Sonda kasr hesabini 6ziinds saxlayan bir
nega distorsiya borabarsizliklori do arasdirtlmisdir.

Acar sozlor: Analitik p-valent funksiyalari, Hadamar hasili, kosr hesabi
operatorlart.

34



M.K. AOUF et. al.: GENERALIZED CLASS OF P —VALENT ...

O000meHHbIi KIacc P-BaTeHTHBIX (PYHKIMI ¢ MPOU3BOAHBIMHU BbICIIETr0
NMOPSAAKA U HETATUBHBIMHU KO3(pPULIMEeHTAMHU

M.K. Aoy, A.O. Mycrada u B.K. dabsamiann
PE3IOME

B aro0ii paboTte u3y4nim HOBBIH Kilacc P -BaJCHTHBIX (DYHKLUH C OTpHLIATEIbHBIMU
ko3¢ ¢unnentamMu. Mpl TONYyYHIId HEepaBeHCTBa KO3(D(HUIIMEHTOB, TEOPEMbl HCKaKEHHUS,
OKCTpEMaJIbHbIE TOYKH U PaJANyC OJM3KHX K BBIITYKJIOCTH, 3B€3JHOCTh M BBITYKJIOCTH JUIS
¢yHkmid 3Toro Kiacca. IlomydeHsl Takke MOIU(UIIMPOBAHHBIE MPOM3BEACHHUS Aamapa

HECKOJBKUX (YHKIMHA, MPUHAIICKAIIUX KIACCY Fg(p,q,y/, ﬂ) . Janee, uccnenoBaHo

HECKOJIbKO HEPaBEHCTB UCKaXCHU, BKIIIOYAIOIINX APOOHOE HCUHCIICHHE.
KiawueBble cjioBa: AHAIUTHYCCKHE P-BajCHTHbIC (YHKIMU, MPOU3BEICHHE
Anamapa, onepaTtopsl ApOOHOT0 HCUUCICHUS.
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